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Abstract. We prove that the Cauchy problem of the mass-critical generalized KdV equa- 
tion is globally well-posed in Sobolev spaces H^{M.) for s > 6/13. Of course, we require 
that the mass is strictly less than that of the ground state in the focusing case. The main 
approach is the "I-method" together with the multilinear correction analysis. Moreover, we 
use some "partially refined" argument to lower the upper control of the multiplier in the 
resonant interactions. The result improves the previous works of Fonseca, Linares, Ponce 
(2003) and Farah (2009). 



1. Introduction 

In this paper, we consider the global well-posedness of the Cauchy problem for the mass- 
critical generalized Korteweg-de Vries equation (gKdV): 

(1.1) dtu + dlu = fid^iu^), m:Rx[0,T]^R, 

(1.2) u{x,0) =Uoix) e H%R), 

where /x = ±1, H''^{M.) denotes the usual inhomogeneous Sobolev space of order s. When 
/i = 1, the equation (11. ip is called " defocusing", while when = — 1 it is called "focusing". 
The equation (11 .ip is mass-critical since the scaling 

u{x,t) A~^/\(x/A,t/A^), A > 0, 

leaves both the equation and the mass Jj^ \u{x,t)\'^dx invariant. It is well-known that (ll.ip 
belongs to a family of equations, 

dtu + dlu = fid^uP, M : R X [0, T] I — > R, 

where p > 3. 

The Cauchy problem (ll.ip - (ll.2p was shown by Kenig, Ponce, Vega [23 to be locally well- 
posed in H^(R) for s > 0, see also [23] for s > 3/2. In other words, for any Uq G if*(R), 
there exists a positive time T = T(||mo||j^3) (when s = 0, T also depends on the profile of the 
initial data Uq), such that the solution to fll.ip - fll.2p exists and is unique in a certain Banach 
space of functional X C C([0, T]; if''(R)) ; moreover, the solution map is continuous from 
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H^{M.) to C([0, T]; iJ*(]R)). It appears that the index s = is sharp since there are examples 
to show that the critical gKdV equation is ill-posed for s < 0, see [2]. If the lifetime of the 
solution T can be taken arbitrarily large, we say that fll.ll) - fll.2p is globally well-posed. 

As is well-known, the local solution to equation fll.ip - (ll.2l) enjoys the mass conservation law, 



Hence, an immediate conclusion on global wellposedness for if^-initial data follows from the 
local theory in [27j and the equation (11 .4^ above in the defocusing case. In the focusing case, 
the same conclusion holds under the condition ||uo||l2 < ||(5||l2 by the sharp Gagliardo- 
Nirenberg inequahty (see [32]), 



Moreover, the local theory in [27] implies the global well-posedness in when the initial data 
has sufficiently small norm. However, unlike in the case of if^(]R), where the equation (11.11) 
is "subcritical" with respect to the regularity of initial data, the usual iteration argument 
involving the Strichartz estimates and the mass conservation law will not yield the global 
wellposedness directly for large data. So the question of L^-global wellposedness and 
scattering is regarded as an open conjecture in the field; it is far from resolution, despite 
much recent progress [2S1 [221 . 

Therefore, a natural question arises: what is the least Sq > such that for s > sq, if 
uq e H^{R), the solution to (ll.ip - (ll.2l) is globally well-posed? The question is partly plausible 
in light of the recent exciting progresses in nonlinear dispersive equations such as nonlinear 
Schrodinger equations (NLS), nonlinear wave equations (NLW), etc. They are made possibly 
by the well-known strategies: Bourgain's "Fourier truncation method" in [3| and the "I- 
method" by I-team (Colliander, Keel, Staffilani, Takaoka, Tao) partially inspired by the 
former, see e.g., [6], [TOj. The "Fourier truncation method" works well provided that there 
is some smoothing effect arising from the non-linearity, while "I-method" can still work in 
the case that there are derivatives in the non-linearity and such smoothing is not available, 
and often the latter gives a sharper result (see [211 ES] for a discussion). We do not intend 
to survey these two methods, but we refer readers to [6j for a nice discussion on Bourgain's 
high/low trick in "Fourier truncation method" and in Section 2 and 3 of that paper readers 
can also find an introduction and an example of applications of the first-generation "I- 
method" and second generation "I-method" to KdV and mKdV equations. For a textbook 
treatment, we refer readers to [301 Chapter 3.9]. For the recent developments of "I-method", 
we can refer to [SI El HH [131 [IH [HI [13 [ISl [31] on the apphcations in the context of nonlinear 
Schrodinger equation (NLS), refer to [3 [H] on the applications in the context of Schrodinger 



(1.3) 




and the if ^—solution enjoys the energy conservation law, 
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equation with derivative (DNLS), refer to [H [TOl [T5l [221 [33] on the apphcations in the context 
of gKdV equations. 

The global well-posedness of fll.ll) - fll.2p below the energy space was considered by Farah 
|19j . Fonseca, Linares and Ponce [20j. The authors in [20] proved the global existence in 
if^(M) for s > 3/4 by appllying Bourgain's "Fourier truncation method". This was improved 
very recently in [19J, which lower the index to s > 3/5 by I-method introduced in [S]. The 
condition ||mo|| < IIQUl^ is imposed for both results in the focusing case. 

Our main result in this paper is the following improvement. 

Theorem 1.1. The Cauchy problem f ll.ll) - fll.2l) is globally well-posed in H^(R) for s > 6/13 
when /i = 1. The same conclusion holds under the assumption \\uo\\ < WQWl^ when fi = —1. 

To prove this theorem, we will follow the general scheme of "I-method" by adding a "correction- 
term" to the first modified energy E{Iu) as in [51 [ID] and using the multilinear correction 
analysis. If we added it in a naive way, the multiplier introduced in order to obtain the sec- 
ond modified energy is singular in the sense that its norm is infinity for a set of nonzero 
measure, see Section [3] of this paper for an exact description. This difficulty is also noted in 
[T9l Proposition 3.1]. To get out of it, our approach here follows along similar lines of refining 
the modified energy by performing a resonant decomposition to the singular multiplier as in 
[T3] by CoUiander, Keel, Staffilani, Takaoka and Tao, see also [Il[l]. More precisely we will 
split the multiplier Mq arising from the derivative of the first modified energy into two parts: 

Mq := Mq + Mq 

under the principle that Mq contains some low-frequency terms, which is referred to as 
"resonant term", and Mg contains the rest, which is referred to as the "non-resonant term". 
For Mq, we will use a point-wise estimate (in t) and reduce it to an error term in the final 
bootstrap argument, see Lemma [4.31 and the argument in Section [51 For Mq, we perform a 
careful multilinear analysis by using X^^b-type estimates. 

Our key point for such an improvement s > 6/13 is due to a better energy increment bound, 
iV~2 + , see the statements in Theorem 13.11 This improves the previous estimate, N~'^~^ in 
[19], which gives s > 3/5. 

We will focus on the focusing equation (11. ip under the assumption that Hwolb < HQ II 2- This 
assumption guarantees that the kinetic energy in (11.40 is comparable to the energy thanks 
to the sharp Gagliardo-Nirenberg inequality (11.51) . The same analysis will go through the 
defocusing case in the same way. 

The paper is organized as follows. In Section [21 we introduce some notations and state some 
preliminary estimates that will be used throughout this paper. In Section [3l we establish a 
variant of local well-posedness theory, set up the I-method. In Section [H we establish some 
fixed time bound for the error term and obtain an upper bound on the increment of the new 
modified energy. In Section [5l we prove the global well-posedness in Theorem 11.11 
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2. Notations and some preliminary estimates 

2.1. Notations. We use A<BoicB>Ato denote the statement that A < CB for some 
positive constant < C < cxo which does not depend on the functions but may vary from hne 
to hnc. Wc use the notation A ^ B whenever A < B and B < A. If the constants appearing 
in < or > depend upon some additional parameters, we wiU indicate them with subscripts; 
for example, A <^ B denotes the assertion that A < C^B for some positive constant 
depending on e; similarly for >1 ~£ S, etc. 

We use A <^ B, oi sometimes A = o{B) to state the statement A < C~^B for a sufficiently 
large constant C > 0. The notation a+ denotes a + e, and a— for a — e for arbitrarily small 
exponents e > 0, and allow the implied constants in < notation to depend on e. 

We also set 

(■) = (1 + 1 ■ d: = {-diri\ = (i - dir/\ 

We use to denote the mixed norm ^ j \\f{x, ■)\\\<i dx^ " . 

Now we record some definitions. For s, 6 G M, we define the Bourgain space Xg^b to be the 
closure of the Schwartz class under the norm 



(2.6) ll^llx., = i^JJ {0''{r-e)''m,r)\'d^dr 

where u denotes the space-time Fourier transform of u defined by 



u{^,t)= JJ e-'^''^+'^^u{x,t)dxdt; 



similarly we denote by / the Fourier transform of f{x,t) in the spatial variable. For any 
interval Q, we define X^f, to be the restriction of Xg^b on R x Q with the norm 

(2.7) = inf{||f^lU,,i, : U\t&n = u\t(.n}. 
When O = [-5, 5], we will write X^^ as X^^. 

Let < s < 1 and N 1 he fixed. The Fourier multipher operator I^^g is defined by 

(2.8) I^{0=mN,s{0^0: 

where the multiplier rriN^siO is a smooth, monotone and radial function satisfying < 
mN,s{0 < 1 and 

f 1, \C\ < 

(2.9) mN,s{0 = 1 fN\^-s 



Sometimes we denote In,s and 'mN,s by / and m respectively if there is no confusion. 
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Remark 2.1. The operator I^g maps H^{M.) into H^(R) with equivalent norms for any 
s < 1. More precisely, there exists some positive constant C such that 



(2.10) 



C ^\\u\\h^ < \\In su\\m < CN^ ''\\'u\\h' 



Moreover, I^^g can be extended to a map (still denoted by In,s) from Xg ^ to Xi h which 
satisfies that for any s < 1, 6 G M, 



C-'\\u\\x,, < \\In,su\\x,.,<CN'-'\\u\ 



X,, 



2.2. Preliminary estimates. We state some preliminary estimates which will be used 
throughout the paper. We start with some well-known Strichartz estimates, see e.g., 



Lemma 2.1. For u G Xq ij^, we have 



(2.11) 



\Dxu\\i'^i^-^ 



? + 



By Sobolev's embedding, we have the following estimate. 
Lemma 2.2. For u G Xi, i , , we have 



(2.12) 



We recall the following bilinear estimate from [21, Corollary 3.2] and [IHl Lemma 2.1]. 

Lemma 2.3. For any /i,/2 G -+ supported on the frequencies {|^j| ~ Ni}, i = 1,2. If 
161 ~ 16 -61 ~ 16 + 61 for allii G Supp/i, z = 1,2, then 

(2.13) ||p./i)/2L^_^< ||/i|U„ ^J|/2||x„ ^^. 

For the sake of completeness, we provide a proof by using Plancherel's theorem. 



Proof. To prove (12.131) . it suffices to prove 

(2.14) WD^e'^-cpie --cp2\\Li^ \Wi\\mW2\\L^, 

where |6| ~ 16 — 61 ~ 16 + 61 fo^' all 6 ^ Supp0j. We write 



-tdl j^ ^-tdlj^ II ^ < 



We change variables as follows, a := + ^2 and h := + then the Jocabian 

d{a, h) 



J :-- 



5(6,6) 



16 - 61 = 1(6 + 6)(6- 6)1-161 
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by the assumption on the Fourier supports of 



1,2. Then we apply Plancherel's 



theorem to the left hand side of (12.141) followed by a changing of variables back, we see that 
it is bounded by 



(2.15) 



< 



v 



1 



\ 



1/2 



J 



-diidi2 



< 



>1 Ll2 <P2 L2. 



This proves (I2.14p , and hence Lemma [2? 



□ 



3. I-METHOD AND THE MULTILINEAR ESTIMATES 



3.1. A Variant Local Well-posedness. In this subsection, we will establish a variant local 
well-posedness result. 



Proposition 3.1. Let s > 0, then Cauchy problem (ll.ll) - (ll.2p is locally well- posed for the 
initial data uq with In,sUo G H^{M). Moreover, the solution u exists on the interval [0,5] 
with the lifetime 



(3.16) 

for some /i > 0, and 
(3.17) 



5 ~ ||/Ar,sMo||//i 
UN^sUit^WxS , < \\lN,sUQ\\m- 

1 1 _L 



It can be established by a standard iteration argument; we present it here for sake of com- 
pleteness; see also [IHl Theorem 5.1] for s > \. 



Proof. The proof proceeds by the usual fixed point argument on the space X\ i (J). By 

tr^m '2 + 

Duhamel's principle. Lemma 2.11 and Proposition 2.12 in [SU], we have 
\Iu\ 



S{t){luo)+ I S{t- s)l{u^d^u){s)ds 
Jo 

< ||/Mo||^i + \\l{u^da:U) 

< \\luo\\^,+6'\\l{u^d,u) 



^1 



IX, 



.(J) 



for sufficiently small e > 0, where a + + = a + 2e. Hence it suffices to show that 



\l{u'^d^u)\ 



1,-3++ 1,^ + 



Using Lemma 12.1 in [12j or the argument of Lemma 5.2 in [7j, we only need to prove that 

4 o II ^ 1 1 1 1 5 



(3.18) 



\u dxu\ 



X 



< 



^ ^\u\\^ for < s < 1. 
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Indeed, from Lemma [2.H we have 







II f II < II f II 

\ \ J \ \ T 5 T 10 \ \ J \ \ X 


which, interpolating with | 






, implies that 






WAIlI+l 


10+ ^ 

't ' ' 


^ll^o+,i + - 


In addition, by duahty of | 




^ , we also have 








< II 
1 ~ II' 


/|| ^ ^7 


which, interpolating with 










^ f 5 I 10 I . 
~ Ik II r3+rTr + 
+ + J^x 


Hence, by the fractional Leibniz rule (Principle A. 5 in [30]) and Lemma |2.1l we have 


II \\X 1 , , ~ 1 




\u^Vyd^u\\ 5+ w+ 


< 1 


\u\ 








< 1 


\u\ 


^o+,i+" 


^0,1+11 




< 1 




|5 

\x 1 , 

3.^ + 







for s > 0. This completes the proof of Proposition 13 .11 □ 

3.2. I-method and modified energy. From now on, we take fi = —1 and u be the real- 
valued solution of fll.ll) - fll.2p throughout the paper. 

First we record the classical set-up for the "I-method", see Section 2 in [lOj or Section 3 in 
[13]. Given a smooth tempered symbol Mfc(^i, ■ ■ ■ defined on the hyperplane with the 
the push- forward Lebesgue measure d^i ■ ■ ■ dC^k-i, 

(3.19) rfc:={(ei,---,efc):ei + --- + efc = 0}, 
we define the quantity 

Afe(Mfc) := [ Mfc(ei, ■ ■ ■ , 6) n ^(^J' ^) ■ ■ ■ ^^^-1- 

Then by using the equation (11. ip and a direct computation, we have the following differen- 
tiation formula. 

Lemma 3.1 (Differentiation formula). Let and he defined as above. Then 

(3.20) ^AkiMk) = AkiMkOk) - tkAk+4iMki^i, ■ ■ ■ , ^k-i, + ■ ■ ■ + ^k+4)i^k + ■ ■ ■ + 
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where is the symbol defined by 



We define the "first-generation" modified energy by 

(3.21) E}{u{t)) := l\\dju{t)\\l - l\\Ium%- 
Then it follows from the Fourier inversion formula that 

(3.22) E} iu{t)) = A2ia2) + Ae{(Te) 
where (T2 and are symbols defined by 

:= -^m(^i)m(^2)^i6; 0^6 := -^"^(6) " " ■"^(^e)- 
Furthermore by the differentiation formula (13.201) . we have 

j^E]{u{t)) = A2(cr2«2) - 2zA6(a2(ei, 6 + ■ ■ ■ + e6)(6 + ■ ■ ■ + ^e)) + A6(ct6«6) 

- 6zAio (cr6(6, ■ ■ ■ , ^5, ^6 + ■ ■ ■ + + ■■■ + U)) 

^^•^^^ =A6(-2z(T2(ei, 6 + ■ ■ ■ + e6)(6 + ■ ■ ■ + ^e) + Odette) 

+ Aio( - 6^^6(6, ■ ■ ■ ,^5,^6 + ■ ■ ■ + 6o)(e6 + ■ ■ ■ + 60)) 

=: A6(M6) + Aio(Mio), 

Note that the first term vanishes because 02 vanishes on r2 . Here by a similar symmetrization 
consideration as in [TOl Section 2 and 3] or [131 Section 3], we have 



(3.24) A6(M6, u) = A6([M6].j,„), Aio(Afio, u) = Aio([Mio; 



sym J 1 



Since and ag are already symmetric with respect to the group 5*^, the group of all per- 
mutations on k objects, we have 

[Me]sym = -22[cr2(^l, 6 H ^ ^6)(6 H ^ ^6)]sym + (^6^6 

(3.25) =: + Ml, 

[Miolsym = -Qilaei^i, ■■■ ,^5,^6 H h 6o)(^6 H h 6o)]sym- 

For readers' convenience, we record the definition of the symmetrization of a multiplier from 
pLQi Definition 1]. 

Definition 3.1. A k-multiplier is a function m : M'^ — C. A k -multiplier is symmetric if 
m(^) = m(^g{^)^ for all g E Sk- The symmetrization of a k-multiplier m is the multiplier 
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Remark 3.1. An example of a symmetric 2-multiplier is = — |"^(^i)m(^2)^i^2 defined 
above, and by an explicit computation 

Ml = -2z[a2(6, 6 + ■ ■ ■ + ^e) (6 + ■ ■ ■ + i&)]sym 

[MiQ]sym = -62[(T6(6, ■ ■ ■ , 6, ^6 H h 6o)(^6 H h ^lo)]sj/m 

= C ^ m{^a)m{^b)m{^c)m{^d)m{^e)m{^f H 

{a,- ■,]}={!,■ -,10} 

for some explicit nonzero constant C. 

Remark 3.2 (Two convenient reductions). There are two well-known reductions which we 
will use throughout the rest of the paper. 

(1) By symmetrization, the first reduction is that we could order the magnitudes of 
for example, assume that > ■ ■ ■ > l^el in estimating Aq. 

(2) In various 6-linear or 10 linear estimates below, we may make a Littlewood-Paley 
decomposition and restrict attention to the contribution arising in ~ Ni where 
Ni is dyadic; from the discussion above, we may assume that Ni > . . . > Niq. If 
Ni < N, 

Mq = 0, and Miq = ^ E]{u{t)) is conserved for all time. 

Then global wellposedness for this solution u would follow. Hence without loss of 
generality, we will take Ni > A^, then the support information of Tq or Tiq will give 
\N2\'^ N, and hence A?"! ~ A^2 ^ N, which is our second reduction. 

Now we elaborate the difficulty if following a direct analogous reasoning as in [10], which 
forces us to think of an alternative by introducing a resonant decomposition on the multiplier: 
From the expression for ■j^E]{u{t)) in (13.231) . a natural choice of the second modified energy 
would be 

E]{u{t)) = K{a^) + E]{u{t)) 

with the choice 

0-6 := -Me/ae. 

But unfortunately, ag is singular and hence is unfavorable. This is in contrast with the cases 
for KdV or mKdV ^Oj, where one can take advantage of the complete integrability for these 
equations. 

As forecasted in the Introduction, to overcome this difficulty, the strategy here is to split Mq 
into two parts: 

Me = Me + Me, 

where Me and Me are defined to be "resonant" and "non-resonant" parts, respectively. Let 
us motivate the choice of the non- resonant set. Roughly speaking, what we expect is that. 
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• either Mg is controlled by a low frequency term, 

• or non-resonant occurs, i.e., \Mq\ < lael- 

Suppose l^il > |,^2| ^ N ^ l^sl, . . . , l^el- Then in the resonant case, one may find = 
and thus 

Then we have a coarse estimate 

(3.26) |^3^^3| <|^3^^3^^3^^3|_ 

Together with the information |^2| ^ ^ ^ |^3|; (13.261) imphes: 

(3.27) \M,\<\(i+e,+e,+eei 

as |?7i^(Ci)Ci + ^^(^2)^11 ^ 1^1 + ^11 t>y the mean value theorem in Lemma [4.11 This shows 
that Mg is bounded by a lower frequency term as expected. So if we take the contrapositive 
to IK26\f . i.e., 

\ei+^i\:>\^i+e,+^i+eei 

we are in the non-resonant case. If Suppose that |^i| > |,^2| > |^3| ^ N ^ > l^^l > 
one may find it is always non- resonant, this motivates the choice of ^2. Lastly if we are in 
the case where > ■ ■ ■ > > N ^ > then the motivation of the choice of ^3 
is similar to Qi but a little more complicated. 

Let us define "non-resonant" sets. We adopt the notion that 

\U > \U > \^c\ > \^d\ > \^e\ > \^f\, 

and let 





:={(6,-- 


■ ,^6) 


ere 


\U\ 


~leB|>iV»|ec|,|d + ell 






:={(6,-- 


■ ,^6) 


ere 




>iV,iecl»ieD|}; 






:={(ei,-- 


-,^6) 


ere 




>iv»iei?ua + eBi»iei^ 





Then we rewrite (13.231) by 

jE]{u{t)) = Ae(M6) + Kim + Aio(Mio), 
where Me and Me are defined by 

Me:= {xT,-Xn)Ml- 

(3.28) M,:=xnMl + XT,Ml 

^] := fii U U fig. 

Now we are ready to define a new modified energy E'j{u{t)) by 

(3.29) Ej{u{t)) := A6(a6) + E]{u{t)), 
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where 

(3.30) ae := -MeK- 

Then by applying the differentiation formula (13.201) again, we see that 

(3.31) Jt^'^""^^^^ = "^^(^6) + Aio(Mio), 
where 

, , Mio :=-62[((T6(ei,--- ,e5,e6 + --- + eio) + 

(3 32) 

+ C^6(ei, ■ ■ ■ ,^5,^6 + ■ ■ ■ + 6o))(e6 + ■ ■ ■ + 6o)],j^^. 

Remark 3.3. On the support of "resonant" Mq, when \^b\ N ^ \^c\, one may find 
that Mg is controlled by \Cc + ■ ■ ■ + Cpl ^ |^c||^d||^s| (See estimates of Ai in the proof of 
Proposition 4-i\ )> which is a relative low frequency term and would be expected to give a better 



decay due to the high/low interaction. On the other hand, on the support of Mq, as is shown 
in Lemma \4.S\ 

\Me\ < |«6|, 

which is non-resonant and will give a small error in energy-increment. We will show 
that E'j{u{t)) is almost conserved from the multilinear estimates, which in turn shows that 
E]{u{t)) is almost conserved by ignoring an error coming from ctq. 



To prove Theorem II. ![ it suffices to prove the following theorem. 

Theorem 3.1 (Existence of an almost conserved quantity). Let the notation be as above. 
Then for a solution u to (II. ip which is smooth-in-time, Schwarz-in-space on a time interval 
[0, 5], we have 

• (Fixed-time bound) For 1/3 < s < 1, 

(3.33) \K{^m\<N'-\\Iu(t)\\'^,. 

• (Almost conservation law) Fort G [0,5], 

(3.34) \Ej{u{t))- E]{uQ)\<CN-i+{\\Iu\\\, + Wlu^^s ). 

We will show that Theorem 13.11 implies Theorem 11.11 in Section O Now we focus on estab- 
lishing the claims in Theorem 13.11 which will occupy the next section. 



4. Fixed-time bound and almost conservation law 



In this section, we prove Theorem 13.11 We start with a few basic facts which will be only 
used in this section and are taken from [10]. The first is the following well-known arithmetic 
fact Uni (4.2)]. 

(4.35) + ^2 + ^3 + ^4 = ^ + ^2 + el + ii = m + 6)(ei + + u)- 
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Then we record the following forms of the mean value theorem. To prepare for it, we state a 
definition: Let a and h be two smooth functions of real variables. We say that a is controlled 
by 6 if 6 is non-negative and satisfies ~ for |^| ~ |^'| and 

a(0 < KO, < a" < ^. 

Lemma 4.1. If a is controlled by b and \ri\, |A| <^ |^|, then 

• (Mean value theorem) 



(4.36) \a(^ + ^)-a{0\<\v 

• (Double mean value theorem) 



(4.37) |a(e + r/ + A) - a(e + r^) - + A) + a(0| < \v\\M 



We will use this lemma in a context that a(^) = m'^{C,)\C,\^ for m defined above with the 
choice 6(0 = 4m2(0|^|^. 

4.1. Fixed-time bound. The first part of Theorem 13.11 is a consequence of the following 
two lemmas. 

Lemma 4.2. Let the notations be as in (13.281) and (13.301) . Then 

(4.38) iMel < |«6|, i-e., < 1. 

Proof. By a symmetry consideration, we may assume that 

m > |6| > |6| > |^4| > 1^51 > l^el- 
By the definitions of Mg and M|, we only need to show 

(4.39) \xnM^\ < \a,\, 

since {a^l < 1 always holds. We will prove this bound case by case by analyzing it on domains 
fli for i = 1, 2, 3. Recall that 

i«6i ~ ie? + ---+e6i- 

OnTe, G + --- + e6 = 0. 

Case 1. On fii, there holds that H h < + ClI and 771(^3) = • • • = m{^e) = 1. 

It follows that 



(4.40) \cy^\>\e,+e2\>\^i+m!+e2 

as 1661 < (el + ei)/2 always holds and then + - ^16 > (^ + ei)/2. 
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On the other hand, by the mean value theorem in Lemma I4.H and the fact that m is even 
and |ei-(-e2)|<|e3|«|6|for2 = l,2, 

IKI ~ + ^'(6)^2 + el + ■ ■ ■ + e'l 

< - + |e| + ■ ■ ■ + ell 
(4.41) < |(ei + 6K(6)l6n + |e| + --- + e|| 

< iei + 6l(e? + e2) + iel + --- + ell 

Thus (Km follows from (ICTj) and fOB . 

Case 2. On ^^2, since l^sl ^ 1^41; there always holds that 1^1 + ^2! ~ l^sh nioreover we 
have ^1 ■ ^2 < 0; otherwise, if ^1 and ^2 would have the same sign, then from the support 
information of Fg and 1^4] -C l^sl, 

2|6l < 16+61 = 16 + 6 + 6 + 61 < 3161/2 < 3161/2, 

which is obviously a contradiction since 1^2! > 0. Then 
(4.42) 

l«6| > 1(6 + 6)(6' + 6' - 66) + (6 + 6)(6' + 6' - 66)| + o(l6l(6' + 6')) 

= I (6 + 6)(6' + 6' - 66) + (-(6 + 6) - (6 + 6)) (6' + 6' - 66) | + o(|6l (6' + 6')) 

> 1(6 + 6)(6' + 6' - 66 - 36V2)| + o(|6l(6' + 6')) 

= I (6 + 6) ((6' + 6' - 6V2) + (-66 - 6')) I + o(l6l (6' + 6')) 

> 161(6' + 6'). 

The first inequality follows since l^f + ^11 ^ 161(^1 + ^2)5 ^^e third follows since l^f + C,l — 
661 < 3I6IV2 and |(6 + 6)(e| + 6' - 66)1 « 161(6' + ei), and the last follows since 

(6' + ei - 6V2) > (6' + a)/2 and -66 - 6' > 0. 

On the other hand, by the same use of mean value theorem as in (14.41 1) , we see that 

\M',\ < \m'i^^)e^ + ^2(^2)6'! + l"^'(6)6'l + 16' + 6' + 6'l 

(4.43) < 16 + 611^21 + 161' 

< 161(6' + 6'), 

since |6 + 61 ^ |6|. Thus fICTD follows from f02D and fICTD again. 

Case 3. We consider Q3. In fact we will consider ^3 \ ^2 by Case 2. We split \ fl2 into 
two parts: 

(4.44) Subcase 3a : |6| > |6| ~ |6|; Subcase 3b : |6| ~ |6| ~ |6| ~ |6|. 
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Subcase 3a. On fl^, there holds that |^i + ^2! ^ 1^5 + ^el- Thus by the same consideration 
as in flCTj) . 

(4.45) 

i«6i > \ei + e2 + + eii + + 6ie?) 

= I (6 + 6)(e? + - 66) + (-(6 + 6) - (6 + 6)) (el + - ^3^) I + 0(16 + 616') 

> 1(6 + 6)(6' + 6' - 66 - el - 6' + 66)| + o(|6 + 616') 

> 16 + 616'- 

The last inequality follows since e? + ^1 - 66 > (6' + ei)/2 and |6| < |6l < 161 ~ |6|- 
On the other hand, we have 

l^e^l < h'(6)6' + ^'(6)61 + h'(6)e| + m'{U)e,\ + 16' + eel 

(4.46) < 16 + 616' + 16 + 616' + 16 + 616' 

< 16 + 616', 

by the mean value theorem in Lemma WTl and the fact that |6 + 61 ^ 16 + 61 ~ 16 + 61 
on 

Case 3b. We may assume that 6 > by symmetry. Then one of the following four subcases 
always occurs: 



3b-i: 6>o,6<o,6<o,6<0; 
3b-ii: 6>o,6<o,6>o,6<0; 
3b-iii: 6>o,6<o,6<o,6>0; 
3b-iV: 6>o,6>o,6<o,6<o. 



In fact, as |6| < |6|) 6 > will imply that 6 + 6 ^ 0- ^3, there holds that 

16 + 6 + 6 + 61 = 16 + 61 < 16 + 61 ~ 16 + 61, 

which implies that (6+6) and (6+6) has different signs, i.e., 6+6 ^ 0. This information, 
together with that |6| ^ |6| ^ 161, implies the classification above. 

Case 3b-I. 66 < and 66 > 0. Since |6 + 61 ^ 16+61 ~ 16 + 61, by the same 
consideration as in (14.451) . we have 

l«6| > 16 + 6116' + 6' - 66 - 6' - 6' + 661 + o(|6 + 616') 
' > 16 + 616' 

as —66 ~ el ^ and e3e4 ~ el ^ 0- Oil the other hand, the usual mean value theorem as 
in (I4.46P will give that 

(4.48) |Mi|<|6 + 6lei'. 

Thus (Ogi) follows again from (OTj) and flOg]) . 
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For Case 3b-II to Case 3b-IV, we denote C,a = C,a + ^5 + C,6, and rewrite 

On one hand, by the double mean value theorem in Lemma 14.11 we have 

(4.50) |m2(ei)e? + m'i^2)e2 + m^fe)^! + m'il,)^'\ < m'i^.M, + + ^3^2 + 6)1 

Indeed, suppose we are in Case 3b-II, .^i,^ > and < 0; then by taking = 6, 

T] = —^i — ^2, ^ = C,2 + (.3, we apply the double mean value theorem in Lemma WAX 

m'(6)e? + ^2(6)^2 + ^'(6)^1 + m'il,)^'\ < m(6)|6l 1(6 + 6)(6 + 6)1- 

Then by using the fact that have the same signs, we see that |6| < |6 +61- So there 
follows (14.501) . The other two cases are treated similarly. 

On the other hand, by the mean value theorem, we obtain 

(4.51) |m2(6)6' - m\u)e,\ < ^^(6)16 + 6II6P < m2(6)|6ll6r 

Since 16 + 6116 + 6116 + 61 » I6II6I' and |6| ~ |6|, by (029]), we have 

(4.52) \m\^,)e, + ■■■ + m\u)e,\ < ^^(6)1(6 + 6)(6 + 6)(6 + 6)1- 
By the definition of Mg and the support information of ^3, it follows that 

(4.53) I I < m(6) I (6 + 6) (6 + 6) (6 + 6) I < I (6 + 6) (6 + 6) (6 + 6) I , 

(4.54) 16' + 6'l « "^'(6)1(6 + 6)(6 + 6)(6 + 6)1 < 1(6 + 6)(6 + 6)(6 + 6)1- 

Reasoning similarly as in proving (I4.52p . we have 

(4.55) |a6|>|(^i + ^2)(6 + 6)(6 + 6)|. 

Indeed, let 6 be defined as above, then > + ■Cl + ^1 + 6^1 ~ 1^4 ~" 'Cll — I'd + ^ll- Then 
by the definition of ^3 and (14.541) . 

lel - 6'l, 16' + 6'l « 1(6 + 6)(6 + 6)(6 + 6)1, 

while 16' + 6' + 6' + 6^1 ~ 1(6 + 6) (6 + 6) (6 + 6)1 by the arithmetical fact fOSD . 
Together with flT53|l . K55h will yield 

(4.56) \a,\ > 1(^1 + e2)(6 + 6)(6 + 6)1 > \M',\. 

Hence ( I4.39P follows again. This completes the proof for Lemma (14.21) . □ 

Now we can establish the first part of Theorem 13.11 
Lemma 4.3. For any 1 > s > 1/3, we have 

(4.57) IM^emi < N'- \\Iu{t)rHy 
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Proof. By Lemma [4.21 it suffices to show 
r \mi,t)---fe{^e,t) 

L (ei)m(ei)---(e6)m(e6 



(4.58) 



<N'- ||/i(t)IUr--ll/6WII 



By the definition of m, we have 

iOmiO = (0, for 1^1 < N; (Om(0 ~ N'~^\^\\ for \^\ > iV, 

By using Remark [221 we may assume that |^i| > ■ ■ ■ > l^gl and |^i| ~ |^2| ^ To estimate 
the left hand side of fl4.58p . we may assume that the spatial Fourier transforms of the fi are 
nonnegative and consider the worst case where l^el ^ N, by using Plancherel's theorem in 
the spatial variable, 



(4.59) 



< jY6(s-l) 

< JV6{s-l) 



Ml) ■■■Me) 

(^3)3./2...^^g)3s/2 



< 



N'-\\Mt)\\Ll\\f2 



Li 



J.' fsit) 



for 1/3 < s < 1. Hence (14.571) follows from Sobolev's inequality. 



□ 



4.2. An upper bound on the increment of E]{u(t)). In the subsection, we will establish 
the second half of Theorem 13. 11 By the multilinear correction analysis, the almost conser- 
vation law of E]{u{t)) is the key ingredient in the proof of the global well-posedness below 
the energy space. While by fl3.3ip . the main process to estimate the increment of E^{u{t)) 
is the following 6-linear and 10-linear estimates. 

Proposition 4.1. For any s > 3/8, we have 
(4.60) 

Proof. By using Remark 13.21 we may assume that 

i^ii > i6i > m > m > m > m, 

led ~iV„^ = l,... ,6, and iVi ~ iV2 > iV. 

To recover the sum at the end we need to borrow a but this will not be mentioned 
and it will only be recorded at the end by paying a price equivalent A^°+. By Plancherel's 
theorem, we only need to show 



A6iM6)dt 



<N- 
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Because of the definition ||w||x*j([o,5]xR) ■= i,(MxR) '■ f^|[o,<5] = "^j; if reduces to show 

that 



(4.61) 



dt 



M6(6,---,e6)/i(ei) 



re 



(ei)rn(ei) ■ ■ ■ (^6)^(^6) 



< N''2 + 



i\\x. 



o,i + 



6||X, 



0, 



In view of this inequality, we may assume that the spatial Fourier transforms of the 
are nonnegative, which will be used in the arguments throughout the paper without being 
mentioned. Now we split it into five regions: 





:={ee(^6\^]) 


161 


> 


iv»l6|}; 




:={ee(^6\^]) 


161 


> 


iv»l6|}; 


As 


■■={^eiT,\n) 


161 


> 


iv»l6|}; 


A, 




161 


> 


A^»I6|}; 


A^ 


:={ee(^6\^]) 


161 


> 


N}. 



Estimate in Ai. In Ai, there holds that 



(4.62) 



l6' + 6'l<l6' + --- + e^ 



also + 61 = 16 + ■ ■ ■ + 61 and |^3| ^ |,^2| imply that ^1,^2 < 0. The two estimates above 
imply that 



(4.63) 



16 + 6 



16' + a 



16' + 6' - 6e 

Then by the mean value theorem in Lemma [4. 11 we have 



^ 16172^ « 161 



iMel < h2(6)e? + m\^,)e,\ + |6' + ■ ■ ■ + 61 

< |6 + 6|6' + |6' + --- + 6'| 

< |6 + 6| ki + 6' - 66| + |6' + ■ ■ ■ + 6'| 
<kl + --- + 6'|< 161161161- 
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Therefore, by Plancherel's theorem in the spatial variable, Holder's inequality followed by 

Lemma 12.21 and Lemma 12.31 the left-hand side of (14.611) is bounded by 

(4.64) 



J JVa 

<iV-i+ [dt [ (leil/i/s) (l^lM) ((6)-^-75) ((U-'/e 
< j dt j [{DJ,)h] [{DJ^)U] [7-^-/5] [J^'^'h]dx 



Jx ^ fs 



<iV-i+ ||/l||x„.^---||/6|U„,^, 

where we have used the fact that |6| ^ 161 161 161- 
Estimate in A2. Note that A2 = 0, thus Mq = 0. 
Estimate in ^3. We may split ^3 into three regions again. 



A 



31 



^32 
^33 



{^eA,: 16 + 61 < 16 + 61}; 



{e G A3 : |m2(6)6' + ■ ■ ■ + ^'(^4)6'! < 1^5' + ^e'l}; 

{^eAs\ (A31 u A32) : 1(6 + 6)(6 + 6)(6 + 6)1 < 161161'}- 

We claim that in all three cases, 

(4.65) |M6|< 16116' + ^2'!- 

Indeed, 

• In ^31, we also have |6 + 61 ^ 16 + ^eli which implies that 

iMel < 1^2(6)6' + ^'(6)6'! + I"^'(e3)6' + ^'(^4)6'! + 1^5 + eel 
< 16 + 61(6' + ^2) + 16 + 61(6' + e') + 1^5 + 61(6' + ^e) 



In A32, m<\e,+a\<\mi+e2). 

In ^33, since |6| ~ |6| in F \ "we split it into two case as in (I4.44p . 

— If 161 ^ 161 ~ 161; then 16 + 6|j 16 + 61 ~ 161- Also the same reasoning as 
proving (I4.46P implies that 

IMel < 16 + 61161' ~ l(6 + 6)(6 + 6)(6 + 6)l < 161161'- 

The last inequality follows from the support of A33. 

- If 161 ~ 161, note that (iJH]) to fH32D still hold in this situation; hence (gJSl) 
follows because |(6 + 6)(6 + ^3){^2 + 6)1 < I6II6I'- 
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Therefore, by (14.651) and Lemmas 12.11 12.21 and 12.31 for s > 3/8, by a similar reasoning as in 



LHS of dMH) < / dt 



mi) 



A, I6h-^i6h-^ie3he4h(e6) 



6\\X„ 



where we use the fact thatj^sl ~ |^i| in this case. 

Estimate in A4. Since + ^2! ^ 1^3 1 5 "we always have 
(4.66) |M6|<|6ll6lle3|. 

If l^il = 161 + for all j = 1, ■ ■ ■ ,5, then l^el = 16 H h 61 ^ 161, a contradiction 

to A4. So we have — > |^i|, which leads to |^i| ~ |^i — ^5]. In addition, |^3| ~ |,^4|. 
Therefore, for any s > 3/8, as in (14.641) . by Lemma [2.31 we have 

LHS of (HSH) < N''-' [dt ^ /i(6) ■ ■ ■ /6(6) 



A, I6h-^l6h-^l6h-^l6h6h(6) 



<N~'^ ll/ilU,., •■■||/6||x„.^. 



II ^ - 6 r oc 



Estimate in A^. Again by (14.661) . Lemma [2. II and the fact that l^al ~ |^4|, for s > 3/8, we 
have 



LHS of fimi) < A^^"-^ / dt 



/i(6)---/6(6) 



A, |6l^-^l6l^-^l6l^-^l6h6h6l 



<N-'\\DM 

<N-' ll/illx,. 



\\Dxf: 



This completes the proof for Proposition 14. 1[ 



□ 



Now let us turn to establishing the 10-linear estimate. We first establish a pointwise bound 
on Mio- 

Lemma 4.4. // \U\ ~ I^bI > A^ > \ic\ > \^d\ > ■ > |6|, have 
(4.67) |Mio| < led. 



Proof. By Remark 13. 2[ we may assume that 

161 > ■■■ > I60I, and iCil ~ 161 >A^. 
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Set S = {3, 4, ■ ■ ■ , 10}. We rewrite 
Mio 



{a,--- ,/i}CS 

+ ^6(6, 6, U ^6, ^d + ^e + ^f+^g + ^h)] {^d + + + + ^h) 
+ [(TeiU ■ ■ ■ ,ee,^l + 6 + + ^9 + a) 

+ ^eiU ■ ■ ■ ,ee,ei + 6 + + ^9 + a)] (^1 + 6 + + ^9 + ^/^) 

+ h(ei,ea, ■■■ ,u^2 + ^e + --- + + + ■ ■ ■ + a) 

+ [^6(6,ea, ■ ■ ■ + + ■ ■ ■ + + + ■ ■ ■ + a) 

+ ^6(6, ea, ■ ■ ■ + ee + ■ ■ ■ + + + ■ ■ ■ + aj 

^M°o + ^io + ^io + ^iV 
Since [(Tel, l^el < 1 and H h ^^1 < |^c|, it follows that 



Similarly IM/qI < as l^el, jael < 1 and l^i + 6 + + " " " + < 161- 

In order to prove |Mio| ^ l^sl, by the definition of cxe, we only need to show 

\m{^i)m{^2 + + ■ ■ ■ + + + ■ ■ ■ + a) 

+ m{^2)m{^, + + . . . + ^^)(^, + + . . . + ^^)| < |^3|. 

But it follows from the usual mean value theorem twice. 



For Mj^Q, since aQ 
on M^Q. 



Mi 

'Xn Xre^e) it is concluded by the following lemma and the estimate 

□ 



Lemma 4.5. Assume that ~ |,^2| ^ N ^ \C,a\, ■ ■ ■ \C,h\- then the following estimates hold: 
(4.68) XnA^uU,--- ,a6 + ee + --- + a) =Xni(6,ea,--- ,a6+ee + --- + eh); 



(4.69) x(e2 + ee + 

<ie3|. 



.a6 + ee + --- + a) 

Ml(6,ea,- 



a) + 



"6(^1, ^a,-- - ,^d,6 + ^eH ^^h) 

Xd,^l+^e + ---+^h) 



(6 + + ■ ■ ■ + 6 



Proof. By Remark 13.21 we may also assume that 

161 > ••■ > l6o|, and lal ~ 161 >A^- 
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We first note that = ^7l if ~ |^2| ^ N ^ |^3|. Then we set up some notations for 
short: for {a, b, c, d, e, f, g,h} EE with S being defined in Lemma 













= 6 + + ■ 


■ ■ + a; 




M 




■ ■ ■ ,^d,^2+ + ■ 




M' 








a 


= «6(6,^a, ■ 


■■ ,ae2 + ee + -- 




a' 


= a6(6,^a, ■ 


■■ + + 




that ^1 ~ ^2 ~ 


l^il ~ 161 > lea|,---|ed|, we have 



Thus (14.681) follows from the definition. 
To prove (14.691) . we need to show that, 



(4.70) 



M— M'— 
<2 + —6 



a a 

A computation gives that 

M— M' — 
(4.71) —6 + — ei 



. 6; ^2 



a 



a' 



a'-aM— M-M'— M'— — , 

-6 + — - — 6 + —(6 + 6) = /i + /2 + /s- 



a' a 



a' 



a' 



For Is, by Lemma [4.21 we have \M\ < |q;| and |M'| < \a'\. Therefore, 

(4.72) |/3|< 16 + 61 <le3|. 

For Ji, since 6 ~ 6 ~ (6 ~ 6) = 0, the identity (14.351) gives that 

a-a' = i{il + l2 + {-Tif + (-6)') = 3^(6 + 6)(6 - 6)(6 - 6), 
which, together with that fact that ■ ,^2 < 0, in turn gives that 

|«-«'| -16 + 6116-61161- 

Therefore, we see that 

(4.73) |/il< 16-61 < 161, 
since \M\ < \a\ and the definition of VLi gives that 

l«'l>l6' + 6'l>l6 + 6l(6' + 6')- 

For J2, by the double mean value theorem in Lemma [4. we have 

|M - M'l = \\m\i,)il + m\T2)T2 - m^(6)6' - ^^(6)^2'! 
6 



< 



I6 + 6II6-6II6I 
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as + ^2! ^ and |^i — ^ Therefore as for Ji, we have 

|/2|< 16-61 < 161. 

This completes the proof for this lemma. 



□ 



Finally the following Proposition will establish the second half of Theorem I3.1[ 
Proposition 4.2. For any s > 1/5, we have 



(4.74) 



^0 



Aio(Mio)rft 



Proof. By Remark 13.21 or as in the proof of the previous Proposition 14.11 we may assume 
that 

161 > 161 > 161 ■ ■ ■ > I60I, 161 ~ iV„ z = 1, . . . , 10, and iVi ~ iV2 > N. 



By the argument at the beginning of the proof of Proposition 14.11 and Plancherel's theorem, 
it suffices to show 



(4.75) 



dt 



Mio(6,-- - ,6o)/i(6)---/io(^ 



rio 



(6)m(6)---(6o)m(6o) 



<N-^^ II/: 



1 \\x„ 



II/: 



io||x„ 



We may also assume that the spatial Fourier transforms of all /« are non-negative. Now we 
divide it into two regions: 

Bi ={(6, ■ ■ ■ , 60) e Fio : 161 ~ 161 > iv » 161-}; 
B2 ={(6, ■ ■ ■ , 60) e Fio : 161 ~ 161 > 161 > N}. 



Estimate in Bi. By Lemma HiH there holds that |Mio| < |6l- Then, by Lemmas 12.21 and 
12. 3[ by the same reasoning as proving fl4.64p . the left-hand side of fl4.75p is bounded by 



2s-2 



dt 



/i(6)---/io(6o) 



Ib, |6h6h(6)---(6o) 

< P./1/3L2 ^ P./2/4IL2 ^ II 
<N~' ll/ilU„, ■■■||/io||x„,^. 
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Estimate in B2. By Lemma [4.2[ we have |Mio| < |6l- Then, by the fact 

iOmiO = (0, for lei < N; (Om(0 ~ N'-'\^\^, for \^\ > N, 
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and for s > 1/5, the left-hand side of fl4.75p is bounded by 

r3s-3 1 I i6ii6ii6i-^---ie6rMe7)-^----(6o)~^-/i(6)---/ro(6o) 
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dt 



\DJ, 



X 



1 



Jx ^ /lO 

<N~^ ll/ill Y 1 , ■ • • ||/io||x„ 1 , , 
where we have used the fact that |^i| ~ |^2| > l^sl ^ N and the fact that s > 1/5. 



□ 



5. Theorem 13.11 implies Theorem 11.11 



In this section, we show how Theorem 11.11 is imphed by Theorem 13.11 with the help of the 
modified local theory in Proposition 13.11 



Proof of Theorem \l.l[ Fix u, uq, T and 3/8 < s < 1 as in Theorem 11.11 and write A : = 
1 + ||'Wo||h''(r)- Our goal is to show that the solution u to f 1 1.1 1) and fll.2p exists on [0,T]. To 
this end, we will follow the steps in [10]. Alternatively, one can also follow the steps in [131 
Section 2] to establish a priori bound of the following form 

\\u{T)\\hs < C{s,\\uo\\h^,T). 

provided that Theorem 13. II holds true. Then Theorem 11.11 follows from the local wellposed- 
ness theory. 

Rescaling. We choose the rescaling parameter A > 1 which will be determined shortly. We 
rescale u by 

(5.76) ux{x,t) = \-^/^u{x/\,t/\^); mo,a(x) = \'^^\o{x/\). 

Then u\{x,t) is still the solution of f 1 1.1 1) with the initial data u{x, 0) = Uq^\{x); and u{x,t) 
exists on [0,T] if and only if ux{x,t) exists on [0, X^T]. 

Moreover a computation gives that, for A > 1, 

(5.77) \\dJu,it)\\L2 < N'-yy ■ \Ht)\\Hs. 

l — s 

Hence, if we choose A ~ and specify t = 0, we have 

(5.78) \\Iuo,x\\m <a 1. 

An application of Proposition 13.11 gives two things: if S denotes the lifetime of local solution 

u, 

(5.79) 6 1, 



(5.80) 



\IUy 



1,1/2 + 
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Iteration. We make two observations. Since m(^) < 1, we first see that 
(5-81) \\Iux{t)\\L2 < \\ux{t)\\L'2 = \\uo,x\\li = \\uo\\l2 < IIQIU2. 

Then by the sharp Gagliardo-Nirenberg inequality (11.51) and (15.771) . 

\\dJU,it)\\l,^r^E}iu,{t)), 

By (13.291) and (13.311) . the rescaled solution satisfies 

(5.83) E]{u^{t)) = E]{uo,x) + A6(^6)(0) + / (A6(M6) + Aio(Mio)) ds - K^{d^){t). 

Jo 

By Theorem 13.11 and (I5.80p . we have for any t G [0, 5], 

E]{ux{t)) <E]M + C^N''\\Iuo,x\\%^ 

|6 , II T„.. iiio \ , n i\tO-\ 



(5.84) ^ ' ' ' 



7^ ^'7^ 



+ C^N-l^ {\\Iu,,x\\% + Wlu^Am) + CiN^-\\Iuxmm- 

By (15.83p . ||/MA(t)||?ri ~ Eliuxit)) + 11 Moll 2) so if choosing a suitably large A^, a bootstrap 
argument yields 

(5.85) E]{ux{t)) < 2E)(no,A) + 2CiArO-||/no,AfHi +2C3A^-i+ (||/mo,a||^i + ||/mo,a||^°i) ■ 
Thus if assuming that 2E]{uq^x) < Ca and choosing a large A^, we see that 

\/te[^,6lE]{ux{t))<2CA. 

Then we may extend the lifetime of the local solution u{t) to t ~a 2; in other words, the 
lifetime of the local solution remain uniformly of size 1. Repeating this process M times, we 
obtain 

E]{ux{t)) <2E](mo,a) + 2CiArO-||/Mo,A||?,i 

(5.86) 

+ 2C3MiV-2+ (||/Mo,A||f^i + ||/mo,a||^°i) . 

Therefore, E]{ux{t)) < 2Ca provided M < A^^/^~, which implies that the solution ux exists 
on [0,N'^^^-]. Hence, u exists on [0, A'^T] with the relation 

(5.87) m~ > X^T ~ iV^T. 

Thus T = A^*^"*" as long as s > 6/13, which implies Theorem 11.11 by choosing a large A^. □ 

Remark 5.1 (A polynomial bound). From the argument above, there exists a polynomial 
bound for the solutions on the if*(M) norm. Indeed, for ~ N'^"''^ , we have for large t > 0, 

(5.88) hmn^ < \\Iu{t)\\Hi < X^\\Iux{XH)\\hi < ~ N'-' < 
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